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Y%z; (Functions)

tla wdodk ixLHdjlg (input number) tla m%;sodk 
ixLHdjla (output number) mejfrk f,i w¾: olajk ,o 
kS;shla' 

y hk úp,Hfha w.h x hk ;j;a úp,Hhl w.h u; r|d 
mj;S kï y úp,Hh x úp,Hfha Y%s;hls' 

y = f (x) 

y → mrdh;a; úp,Hh (dependent variable)                                                                                                         

x → iajdh;a; úp,Hh (independent variable)/úia;drh    
(argument)

f → Y%z;Zh iuAnkaO;dfjA wdldrh



q = f(p) s = f(yd)

p = f(q)   c = f (yd)

TC = f(q) TR = f(q)

F, G, g, h, θ, φ, ψ, Φ, Ψ hkdoz ixfla; o fhdod .kS

eg:-

y yd z, x úp,Hfha Y%s; kï@@@

w¾: olajk ,o kS;shg wod< jk wdodk ixLHd ldKavh 
Y%s;fha jiu (domain) f,i ye|skafõ' 

ish¨u m%;sodk ixLHd ldKavh Y%s;fha mrdih (range)

f,i ye|skafõ' 



2x + 3
y = 

x - 1

fuyz y ;d;aúl ixLHdjla jkafka x, úp,Hh 1yer ´kEu 

;d;aúl ixLHdjla jk úg muKz' 

Y%z;fha jiu 1 yer TAkEu ;d;aúl ixLHdjlz R – {1} or x≠1

y = f(x) = 18x – 3x2

x wdodk ixLHdj ´kEu ;d;aúl ixLHdjla jk úg y

m%;zodk ixLHdj o ;d;aúl ixLHdjla fõ' túg Y%z;fha jiu
;d;aúl ixLHd ldKavhlz R



fndfyda wd¾Ól úoHd;aul úp,H iajNdjfhkau iSudjla ;=< msysá 
Y+kH fkdjk w.h .kS' 

wd¾Ól úoHd;aul wdlD;sj, jiu tlS iSudj ;=< msysghs'  

kso( 

wdh;khl uq`M msßjeh ffoksl ksIamdos;fha (Q), C=150+7Q

wdldrfha Y%s;hls‘

wdh;kfha ksIamdok ksIamdok Odß;dj osklg tall100ls'

msßjeh Y%s;fha jiu yd mrdih l=ula fõ o@

Domain =  Q| 0≤ Q ≤ 100

Range =  C| 150≤ C ≤ 850



 a hkq f(x) Y%s;fha x yz hï kzYaÑ; w.hla kï x = a 

jk úg Y%z;fha w.h f(a) f,i olajhz

x 

y = f(x) =

7x + 1

f(a) = a/(7a + 1)

f(4) = 4/ 29



Types of Functions

Constant function: mrdih ksh;hlska$tla w.hlzka muKla 
iukaú; Y%z;

y = 7

f(x) = 10

x yz w.h ljrla jqj o Y%z;fha w.h fkdfjkiaj mj;Z

nyq mo Y%z; (Polynomial Functions) 

General form of a Polynomial Functions of Degree n

f(x) = a0 + a1x + a2x
2 + ……..+ an-1x

n-1 + anxn

n Ok ksÅ,hlz. a0 …..an kzh; mo jk w;r an ≠ 0

e.g. f(x) = 8x6 + 3x4 – x3 + 5x2 + 2x + 3     (polynomial of degree 6)

f(x) = x8 + 2x5 + 3x4 + 7x2 + 6x – 5    (polynomial of degree 8)



nyqmo Y%z;fha n kzÅ,fha w.h u; ;ZrKh jk úúO iajrEmfha nyqmo Y%z;

when  

n = 0 y = a0 Constant function

n = 1     y = a0 + a1x              Linear function (polynomial of degree 1)         

n = 2 y = a0 + a1x + a2x
2 Quadratic function 

n = 3 y = a0 + a1x + a2x
2 + a3x

3 Cubic function 

 mrzfïh Y%z; Rational  Functions

g(x)                              (3x2 + 5)
f(x) =                            f(x) = 

h(x)                               (2x – 1)

g(x) yd h(x) nyqmo Y%z; jk w;r h(x) ≠ 0



ixhqla; Y%z; Composite Function or Function of a Function

eg. 1 f(x) = √x   yd g(x) = 3x + 1    then

f [g(x)] = f{3x + 1] = √3x + 1

2.    If f(x) = x + 3 and g(x) = 4x2 – 5x 

g[f(t)] = g(t+3)

= 4(t+3)2 – 5 (t + 3)

y = g(u)  yd u = f(x) kuA y = g[f(x)]



Functions of Two or More independent variable

z = f(x, y)

z = ax + by

v = f(L, K)

z = a0 + a1x + a2x
2 + b1y + b2y

2

y = a1x1 + a2x2 + a3x3 + ….anxn

Non-algebraic Functions

y = bx  , 
y = et wdldrfha >d;Zh Y%z; 
iy
y = logbx wdldrfha ,>q.Kl Y%z;



wjl,kh (Differentiation)

y = f(x) Y%s;fha xys w.h Δx m%udKhlska jeä jk úg Y%s;fha w.h 
tkï y ys w.h fiùug wjYH hehs is;uq'

y = f(x)                                        (1)

x úp,Hh Δx m%udKhlska jeä jk úg y yz w.h Δy m%udKhlzka 
jeä jQfha hehz iz;uq'

Δy        f(x + Δx) – f(x)

= 

Δx               Δx

y + Δy = f(x + Δx)                      (2)

(2) - (1) Δy = f(x + Δx) – f(x)          (3)

(3) ÷ Δx

fuyz  Δx iSudj 0 úg Δy/Δx wdikak jk iSudj x úIfhyz y yz       

wjl,k ix.=Kl (Differential coefficient) hz'



 Δy/Δx iSudldÍ w.h oelaùug dy/dx fhdohz' 

eg. y = 3x ……………….. (1)

y + Δy = 3(x + Δx) …………(2)

(2) – (1) Δy = 3(x + Δx) – 3x 

Δy = 3Δx ………………(3)

(3) ÷ Δx Δy/Δx = 3

Lim      Δy/Δx = 3 
Δx→ 0  

x

y
limx

x

f(x) - x)f(x
  limx

dx

dy
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Rules of Differentiation

u, v yd y hkq x yz Y%z;hka o k hkq kzh;hla o jk jzg

(1)Constant function rule

y = f(x) = k

dy      dk

=        = f ' (x) =  0

dx       dx

y = f(x) = xn

(2) Power function rule

dy      d(xn) 

=           = nxn-1

dx       dx



y = 9x + 6

dy      d(9x + 6)

=                 =  9

dx       dx

(3) Linear function rule

y = f(x) = kx + 2

dy/dx = k  

4. Generalized power function rule

y = kxn

dy      d(kxn)

=          = knxn-1

dx        dx



5. Sum-Difference rule

y = [f(x) ± g(x)]

dy       df(x)       d(g(x)
=             ±

dx        dx            dx

eg. y = 2x3 + 4x2 – 8x + 18

dy       d(2x3)       d(4x2)     d(8x)     d(18)
=              +               - + 

dx         dx            dx            dx          dx

= 6x2 + 8x - 8



(6). Function of a function rule

y = [f(x)]n

dy

= n[f(x)]n-1 f '(x)

dx

wdldrfha Y%s; Y%s;hl Y%s; f,i ye|skafõ' 



eg. y = 3(2x + 5)2

Assume that (2x + 5) = u,   then y = 3u2

dy        d(3u2)       d(2x + 5) 

=               ∙

dx          du              dx 

dy         

=   (6u) x 2 = 12u = 12 (2x + 5)

dx         



7. Product rule

dy             d[g(x)]               d[g(x)]

= f(x)               +  g(x) 

dx              dx                       dx

y = [f(x).g(x)]  f(x) = u yd g(x) = v  

y = uv

dy          dv            du

=  u         +  v 

dx          dx             dx

eg. y = (2x3 – 3x) (x2 + 5)

dy                      d(x2 + 5)                    d (2x3 – 3x) 

= (2x3 – 3x)                 +  (x2 + 5) 

dx                          dx                              dx

(2x3 – 3x) = u  yd (x2 + 5) = v kuA

= (2x3 – 3x) (2x) + (x2 + 5)(6x2 – 3)



8. Quotient rule

f(x)

y =

g(x)

dy             df(x)              dg(x)
= g(x)            - f(x)  

dx             dx                    dx

[g(x)]2

f(x) =   u g(x) = v  

u
y =

v

dy         du             dv
= v          - u  

dx         dx             dx

v2



y = f(u)    yd u = g(x) kuA

dy       dy    du

=   

dx       du    dx 

eg. y = 3(2x + 5)2

(2x + 5) = u kuA y = 3u2

dy        d(3u2)    d(2x + 5) 

=   

dx          du              dx 

dy         

=   6u x 2 = 12u = 12 (2x + 5)

dx         

9. Chain rule



10. Exponential function rule

• iajdh;a; úp,Hh >d;hla jYfhka msysgk Y%s;hla z>d;’h 
Y%s;hla’ (Exponential function) f,i y#-qkajhz"

• nyqmo Y%s;hl iajdh;a; úp,Hfha n,h z>d;hZ (exponent) f,i 

y÷kajk w;r th ksh;hls'  

eg. y = f(x) = bx (b>1)

• fuys y yd x mz<zfj,zka mrdh;a; yd iajdh;a; jzp,H jk w;r b >d;fha    

mdoh (base) hz' 

l,kfha oZ .Kz;uh l%zhdldrluAj, myiqj i#oyd e kuA jk wmrzfuAh ixLHdjla
(e = 2.71828…) >d;fha mdoh f,i fhdod .kZ' 

eg. y = ex  y = e3x y = Aerx

Wod: y = 2x3 + 4x2 + 5



eg.(1)   y = ex

dy         
=   ex

dx         

dy              du
=   eu 

dx              dx

eg.( 2)    y = eu yd u = f(x) kuA



11. Log-function rule

jzp,Hhla ;j;a jzp,Hhl ,>q.Klfha Y%z;hla jYfhka m%ldY 

flfrk Y%z;hla ,>q Y%z;hla (Log function or Logarithmic function)

f,i ye#ozkafjA'

y = logbx  

fmr oZ oela jQ mrzoz l,kfha oZ ,>q.Klfha mdoh jYfhka .kafka e h'

• e mdohg ,>q natural logarithm f,i y#-qkajk w;r th loge fyda 

ln  u.zka ixfla;j;a lrhz'

y = loge 2x  fyda y = ln 2x



y = ln x

dy       d(ln x)       1
=               = 

dx         dx           x

dy       1   du       
=                

dx       u   dx   

y = loge u   yd u = f(x) kuA

y = kln x

dy         d(ln x)        1       k
=  k             = k      = 

dx            dx            x       x



Inverse-function rule 

y = f(x) Y%z;fha x yz jzjzO w.h i#oyd y g o yeu jzgu wkkH jQ 

fjkia w.h ,efnA kuA Y%z;hg m%;zf,dau Y%z;hla we;‘' th" 

x = f-1(y) f,i ixfla;j;a lrhz' 

fujekz Y%z;hl jzfYaI;ajh jkafka x yz fokq ,enQ TAkEu w.hla 
i#oyd yg wkkH w.hla (unique value) mj;akd w;ru yg fokq 
,nk TAkEu w.hla i#oyd xg o wkkH w.hla mej;Zuhz' 

fujekz Y%z;hl mrdh;a; jzp,Hfha (x) wkqhd; jYfhka jevz jk 
w.h i#oyd Y%z;hg f(x) o jevz jk w.h ,efnA kuA" tkuA  

x1> x2  f(x1) > f(x2) 

th taljzO jevz jk Y%z;hla (monotonically increasing function)

f,i y#-qkajhz'   



Y%z;hl jHq;amkakh Y%z;hla jk jzg jHq;amkakhg o
jHq;amkakhla we;'

Higher Order Derivatives

y = f(x)  yz jHq;amkakh tyz m%:u jHq;amkakh (first derivative) hz' 

th dy/dx fyda f '(x) f,i olajhz'

f '(x) yz jHq;amkakh d2y/dx2 fyda f ''(x) f,i olajhz' th f(x) yz

fojk jHq;amkakhhz'

y = f(x) kuA               
d (y)         dy

1st derivative: f '(x) =                  =                                        
dx   dx

d (dy/dx)       d2y
2nd derivative: f ''(x) =                      = 

dx              dx2



d (d2y/dx2)         d3y

3rd derivative: f '''(x) =                       = 

dx                 dx3

d (dn-1y/dxn-1)          dny

nth derivative: f n(x) =                            = 

dx                    dxn

i. y = x4 + 3x2 – 2x + 7     3rd

ii. y = x √1 – 2x      2nd

3x - 1
iii. y =                       3rd

x + 2

Find



wdxYzl wjl,kh Partial differentiation

fuA olajd i,ld n,k ,oafoa fmd-qfjA f(x) jYfhka oela jQ ;kz

iajdh;a; jzp,Hhla iyz; Y%z; mz<zn#oj h' tfy;a fndfyda jzg

iajdh;a; jzp,H tllg jevz ixLHdjla mj;akd wjia:d mz<zn#o i,ld

ne,Zug iz-q fjA'

x yd y hk iajdh;a; jzp,H fol iyz; Y%z;hla

z = f(x, y)

f,i oelajzh yelzh' z mrdh;a; jzp,Hhhz'

y hkq x1, x2, …xn kuA jQ iajdh;a; jzp,H n ixLHdjl Y%z;hla kuA

y = f(x1, x2, …., xn)

f,i oelajzh yelzh'



fujekz nyq jzp,H Y%z;hl" wfkl=;a jzp,H fkdfjkiaj ;znzh oZ

tla iajdh;a; jzp,Hhla b;d l=vd m%udKhlzka fjkia jk jzg

Y%z;fha w.h fijZug wjYH fjA' fuA i#oyd wdxYzl wjl,kh kuA

Yz,amZh l%uh Ndjz; lrhz‘

ta wkqj y = f(x1, x2, …., xn) kuA nyq jzp,H Y%z;hl wfkl=;a

jzp,H ia:djrj ;znzh oZ tla iajdh;a; jzp,Hhl fjkia jZug

wkqrEmj y fjkia jk wkqmd;h wdxYzl wjl,fhka (partial

derivative) uek olajhz'

z = f(x, y)  hk Y%z;fha x jzIfhyz y yz wdxYzl wjl,h ∂y/∂x fyda fx 

u.zka kzrEmkh lrhz'



x jzIfhyz z = f(x,y) Y%z;fha wdxYzl wjl,h ,nd .ekZu i#oyd y

kzh;hla hhz i,ld fmd-q wjl,k kZ;z Ndjz;fhka Y%z;h wjl,kh

l< yelz h'

eg. 1   y = f(x1,x2) = 3x1
2 + x1x2 + 4x2

2

∂y

= f1 = 6x1 + x2

∂x1

∂y

= f2 = x1 + 8x2

∂x2

i.  When  f(x,y) = (x2 – 7y) (x – 2)  Find fx and fy

ii.  When  f(x,y) = (2x – 3y)/(x + y)  Find fx and fy



eg. 2.  When  f(x,y) = (x2 – 7y) (x – 2)  Find fx and fy

∂ f(x,y)

fx =                 = (x2 – 7y)(1) + (x – 2) (2x)
∂x

fx =  (x2 – 7y) + (2x2 – 4x)

∂ f(x,y)

fy =                 = (x2 – 7y)(0) + (x – 2) (-7)
∂y

fy =  (7x + 14)

∂ f(x,y)         (x + y)(2) - (2x – 3y) (1)

fx =                  =  
∂x                            (x + y)2



Partial Derivatives of Higher Order 

 Higher partial derivatives are obtained in the same way as higher derivatives. 

 For the function z = f(x, y), there are four second order partial derivatives:    

∂2z              ∂  (∂z/∂y)          

ii                   =                     = (fy)y = fyy
∂y2 ∂y                       

∂2z              ∂  (∂z/∂x)          

i                   =                     = (fx)x = fxx
∂x2 ∂x                       

∂2z              ∂  (∂z/∂x)          

iii               =                     = (fx)y = fxy
∂y∂x           ∂y                       

∂2z              ∂  (∂z/∂y)          

iv               =                     = (fy)x = fyx
∂x∂y           ∂x                       

Cross partial derivatives



Find the four second order partial derivatives for each of the following function:

• z = 7x ln(1 + y)

• z = (2x + 5y) (7x – 3y)

• z = e4x – 7y

• f(x) = 7x ln(1 + y) hk Y%z;fha 

i. m<uq jk yd fojk wdxYzl wjl, w.hkak

ii.  fxy = fyx nj fmkajkak

• V = 20L½K½ hk kzIamdok Y%z;fha L yd K hkq mz<zfj,zka Y%uh yd m%d.aOkh     

fjA' tla tla idOlh yZkjk wdka;zl M, fmkajkafka oehz mrZCId lrkak'

• V = x1x2 – 0.2x1
2 – 0.8x2

2 hk kzIamdok Y%z;hg wod<j kzIamdok Y%z;fha   

idudkH yd wdka;zl M,od Y%z; f.dvkxjkak



m%Yia:lrKh Optimization

• mj;akd jzl,am w;=rzka m%Yia:u jzl,amh f;arZu m%Yia:lrKhhz'

m%Yia:lrKh 

WmrzulrKh Maximization

 ,dN

 Wmfhda.Z;dj

 jr\Ok wkqmd;zlh

 wf,jzh etc.

wjulrKh Minimization

 kzIamdok mzrzjeh

 wjOdku etc.



y = f(x)   

wruqKq Y%z;h (objective function) hz' th WmrzulrKhla fyda wjulrKhla jzh yelzh'

x – m%jrK jzp,H (choice variable)

- ;ZrK jzp,H (decision variable)

- m%;zm;a;z jzp,H (policy variable) hk kuAj,zka o y#-qkajhz' y Wmrzu$wju jZu i#oyd   

.; hq;= w.h olajhz'

jHdrzl wdh;khla ,dN Wmrzu lzrZug wfmaCId lrkafka hhz iz;uq' wdh;kfha ,dN Wmrzu 

jkafka whNdrh (R) yd mzrzjeh (C) w;r fjki Wmrzu jk kzuejqfuA (Q)  oZ h' ;dCIKh 

yd fjf<#o fmd, b,a,qu fokq ,en we;z jzg R yd C hk folu Q yz Y%z;hlz' ta wkqj

Π = R(Q) – C(Q)

Π  wdh;kfha wruqK tkuA m%Yia: l< hq;af;a l=ula o hkak m%ldY lrk fyhzka fuA Y%z;h 

m%Yia:lrKfha wruqKq Y%z;hhz' Q m%jrK jzp,Hhhz' ta wkqj m%Yia:lrK .eg#Mj jkafka Π

Wmrzu jk Q fijZuhz'  



m%ia:drzlj Y%z;hl Wmrzu yd wju ,CIH kzYaph lzrZu

 m%ia:drhla u; huA ,CIHhl izria LKavh ta fomi we;z wfkla ,CIHj,g wod, 

izria LKavj,g jvd jevz Wilzka hqla; kuA th idfmaCI Wmrzuhlz (Reletive maximum)

^wdikaku tajdg idfmaCIj&  

 m%ia:drhla u; huA ,CIHhl izria LKavh ta fomi we;z wfkla ,CIHj,g wod, 

izria LKavj,g jvd Wizzka wvq kuA th idfmaCI wjuhlz (Reletive minimum)

^wdikaku tajdg idfmaCIj&  

 Y%z;hl Wmrzu fyda wju fyda ,CIH w;Hka; ,CIH (Relative or local extremum) fjA'     

fuA ,CIHhlg w#ozk iamr\Ylh ;zria wCIhg iudka;rj mzyzgk kzid tyz nEjqu Y+kH    

fjA' fujekz ,CIHhlg wod,j Y%z;fha m%:u jHq;amkakh Y+kH fjA'    

 huA ,CIHhlg w#ozk iamr\Ylh jl%h yryd .uka lrhz kuA tu ,CIHh k;zjr\;k  

,CIHhla (Inflection point) f,i y#-qkajhz' tu ,CIHj, oZ Y%z;fha m%:u jHq;amkakh  

Y+kH fyda Ok fyda RK fyda jzh yelzh' fojk jHq;amkakh w;HjYHfhkau Y+kH fyda 

wkzYapz; fyda fjA'     



 Y%z;hl m%:u jHq;amkakh Y+kH fyda kzYaph l< fkdyelz ,CIH wjOz ,CIH

(Critical points) f,i ye#ozka fjA'

 fuA wkqj ieu wjOz ,CIHhlau Wmrzuhla$wjuhla fkdjQj o Wmrzuhla fyda 

wjuhla mej;zh yelafla wjOz ,CIHhl oA muKlz' 

P1

P2

P3

P4

P5

P6

P1, P2 relative minimum 

P3 relative maximum

P2, P4, P6 inflection points



Determination of maximum and minimum

 First derivative test – Y%z;hl w;Hka; ,CIH kzYaph lzrZug Y%z;fha m%:u  

jHq;amkakh fhdod .kZ'

wjYH fldkafoaizh (Necessary condition or first order condition)

y = f(x) Y%z;fha x = x0 ,CIHfha oZ Y%z;fha m%:u jHq;amkakh Y+kH huA i.e. 

f1(x0) = 0 kuA x0 w;Hka; ,CIHhlz‘ ^th Wmrzu fyda wju fyda 

k;zjr\:k ,CIHhla jzh yelzh'&

m%udKj;a fldkafoaizh (Sufficient condition or second order condition)

 x0 ,CIHfhka jfuA izg x0 ,CIHh yryd ol=Kg .uka lrk jzg jHq;amkakfha       

[(f1(x0)] ,l=K Ok izg RK olajd fjkia fjA kuA x0 ,CIHh idfmaCI Wmrzuhlz'   

 x0 ,CIHfhka jfuA izg x0 ,CIHh yryd ol=Kg .uka lrk jzg jHq;amkakfha

[(f1(x0)] ,l=K RK izg Ok olajd fjkia fjA kuA x0 ,CIHh idfmaCI wjuhlz'

 x0 ,CIHfhka fomi oZ u ,l=K iudk fjA kuA x0 k;zjr\:k ,CIHhlz (inflection point)



eg. Find maxima or/and minima of y = f(x) = x3 – 12x2 + 36x + 8

f - 3x2 = (x)׀ 24x + 36 = 0

x1 = 2 x2 = 6

f 0 = (2)׀ f 0 = (6)׀

tu kzid x1 = 2 x2 = 6  ,CIH wjOz ,CIH fjA

f(2) = 40 f(6) = 8  fuAjd ia:djr w.h (statiobary values) f,i ye#ozkafjA

x = 2 Wmrzuhla o wjuhla o hkak kz.ukh lzrZug x < 2 w.hla o x > 2 

w.hla o f ׀(x) g wdfoaY l< hq;= h'

eg. x = 1 oZ f ׀(x) = f 0 < 15 = (2)׀

x = 2 oZ f ׀(x) = f (2)׀ = - 9 < 0

,l=K + izg - olajd fjkia jZ we;' x = 2 oZ Y%z;hg we;af;a Wmrzuhlz'
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Second Derivative Test

Y%z;hl w;Hka; ,CIH kzYaph lzrZug Y%z;fha fojk jHq;amkakh fhdod .kZ 

y = f(x) Yz%;fha x = x0 oZ f '(x0) = 0 kuA x0 wjOz ,CIHhlz'

y = f(x) Yz%;h ozf.a huA ,CIHhla Wmrzu ,CIHh lrd t<UZfuA oZ dy/dx = + o 

Wmrzu ,CIHfha oZ dy/dx = 0 o Wmrzu ,CIHfhka miq dy/dx = - o fjA'  

ta wkqj Wmrzu ,CIHhla ;=<zka .uka lzrZfuA oZ Y%z;fha nEjqu fjkia jZfuA 

wkqmd;h d2y/dx2 l%ufhka wvq fjA' Wmrzu ,CIHfha oZ th RK fjz' tkuA,

d2y/dx2< 0 fjA'

ta wkqj y = f(x) Y%z;fha x = x0 oZ f '(x0) = 0 kuA x0 wjOz ,CIHhlz'

f''(x0) < 0 kuA x0 Wmrzuhlz'



y = f(x) Yz%;h ozf.a huA ,CIHhla wju ,CIHh lrd t<UZfuA oZ dy/dx = - o 

wju ,CIHfha oZ dy/dx = 0 o wju ,CIHfhka miq dy/dx = + o fjA'  

ta wkqj wju ,CIHhla ;=<zka .uka lzrZfuA oZ Y%z;fha nEjqu fjkia jZfuA 

wkqmd;h d2y/dx2 l%ufhka jevz fjA' wju ,CIHfha oZ th Ok fjA' tkuA,

d2y/dx2 > 0 fjA'

ta wkqj y = f(x) Y%z;fha x = x0 oZ f '(x0) = 0 kuA x0 wjOz ,CIHhlz'

f''(x0) > 0 kuA x0 Wmrzuhlz'

Wmrzu

dy/dx = f ' (x) = 0

d2y/dx2 = f''(x) < 0

- -

wju

dy/dx = f ' (x) = 0

d2y/dx2 = f''(x) > 0

+   +



eg. y = f(x) = x3 – 3x2 + 2

First order condition dy/dx = f '(x) = 0

dy/dx = f '(x) = 3x2 – 6x = 0

wjOz w.h x1 = 2, x2 = - 0   

Second order conditions

d2y/dx2         = 6x – 6

d2y/dx2 = 6 > 0     tu kzid x = 2 oZ Y%z;hg we;af;a wjuhlz'
x = 2

d2y/dx2  = - 6 < 0     tu kzid x = 0 oZ Y%z;hg we;af;a Wmrzuhlz'
x = 0

Find relative extrema of the following functions

y = - x2 + 4x + 91                 y = x5 – 5x4 5x3 + 10

y = ⅓x3 – 3x2 + 5x + 3         y = x5 – 5/2 x4 + 17



If d2y/dx2 = f''(x) = 0 ?

fujekz ;;ajhl oZ 

I. x yz w.h x0 g l=vd w.hl izg f,el= w.hla olajd fjkia jk jzg f''(x)yz      

,l=K fjkia jk wdldrh kzrZCIKh l< hq;= h' ta wkqj"

i ,l=K + izg – olajd fjkia fjA kuA x0 oZ Y%z;hg we;af;a Wmrzuhlz

ii ,l=K + izg – olajd fjkia fjA kuA x0 oZ Y%z;hg we;af;a wjuhlz

iii ,l=K fjkia fkdfjA kuA x0 k;zjr\;k ,CIHhlz' 

eg. y = f(x) = x5 – 5/2x4 + 17 

First order condition dy/dx = f '(x) = 0 

dy/dx = f '(x) = 5x4 – 10x3 = 0  

5x3 (x -2) = 0 

wjOz w.h x = 0, x = 2 



Second order condition

d2y/dx2 = 20x3 – 30x2 = 0 

d2y/dx2 = 160 – 120 = 40 > 0

x = 2

x = 2 oZ Y%z;hg we;af;a wjuhlz ‘

wju w.h f(2) = 32 – 40 + 17 = 9

d2y/dx2 =  0

x = 0

x0 oZ Y%z;hg we;af;a Wmrzuhla o wjuhla o kzYaph lzrZug f '(x) g -1 yd +1 wdfoaY lr 

,l=K fjkia jk wdldrh kzrZCIKh l< hq;= h'

dy
=   15   

dx     x = - 1

dy

= - 15   

dx   x =  1

tu kzid x0 oZ Y%z;hg we;af;a Wmrzuhlz'



ii by< >Kfha jHq;amkak .ekZu

- tf,i ,efnk m<uq jk Y+kH fkdjk by< >Kfha jHq;amkakhg x = x0

wdfoaY lrkak'  

- ,efnk w.h T;af;a kuA x0 k;zjr\;k ,CIHhlz‘

- brgAg w.hla kuA x0 w;Hka; ,CIHhlz' 

- Ok brgAg w.hla kuA wjuhlz'

- RK brgAg w.hla kuA Wmrzuhlz'

by; WodyrKh

d2y/dx2 = 20x3 – 30x2

d2y/dx2 =  0

x = 0

d3y/dx3 = 60x2 – 60x

d3y/dx3 = 0

x = 0



d4x/dx4 = 120x - 60 

d4x/dx4 = - 60 < 0
x = 0

w.h brgAg kzid x = 0 w;Hka; ,CIHhlz' th RK kzid x = 0 oZ Y%z;hg we;af;a 

Wmrzuhlz'



Extreme Values of a Function of Two Variables

z = f(x, y)

Condition Maximum Minimum

First order or 

Sufficient

fx = fy = 0 fx = fy = 0

Second order or 

Necessary 

fxx, fyy < 0

and

fxx fyy > 

fxx, fyy > 0

and

fxx fyy > 
2

xyf 2
xyf



eg. Find the extreme value(s) of z = 8x3 + 2xy – 3x2 + y2 + 1

First order condition is fx = 0 and fy = 0

fx = ∂z/∂x = 24x4 + 2y – 6x = 0

fy = ∂z/∂x = 2x + 2y = 0

(1)

(2)

From (2) y = - x

Substituting into (1) 24x2 – 8x = 0

3x2 – x = 0

x(3x – 1) = 0

x1 = ⅓,   y1 = - ⅓

x2 = 0 y2 = 0



For second order condition

fxx = 48x – 6  fyy = 2 fxy = 2 fyx = 2

When    x = 0

fxx = - 6 fyy = 2

• Since the signs of fxx and fyy are opposite, the product of them yield a 

negative value. Obviously it is less than       , hence failed the second 

order condition.  

• Opposite signs of fxx and fyy suggests that the function has a saddle 

point at x = 0.

When     x = 1/3

fxx = 10       fyy = 2           fxy = 2

The product of fxx and fyy > fxy , second order condition satisfies for a

minimum. Point x = 1/3 and y = -1/3 is a minimum and minimum value

of the function is 23/27.

2
xyf



Economic applications

Profit maximization

,dNh (Π) = whNdrh (R) – mzrzjeh (C) 

Π = R – C

R = f(q)  and  C = f(q)

Π (q) = R(q)  – C(q)

,dN Wmrzu jZu i#oyd R(q)  yd C(q) w;r fjki Wmrzu jzh hq;=h‘

First order condition

dΠ/dq = Π' = 0

Π' (q) = R'(q) – C'(q) 

= 0 if R'(q) = C'(q) 

ta wkqj ,dN Wmrzu jk kzuejqfuA oZ 

R'(q) = C'(q) 

MR = MC



Second order condition

d2Π/dq2 = Π''(q) < 0

Π''(q) = R''(q) - C''(q)

< 0  if R''(q) < C''(q)

fuA wkqj fojk fldkafoaizh ;Dma; jZug R''(q) < C''(q) jzh hq;= h' 

R''(q) - MR fjkia jZfuA wkqmd;h

C''(q) – MC fjkia jZfuA wkqmd;h

ta wkqj MC = MR jk kzuejqfuA oZ R''(q) < C''(q) fjA kuA ,dN Wmrzu fjA'


