
wkql,kh - Integration

wkql,kh" wjl,kfha m%;súreoaO ls%hdj,shhs' Y%s;hl wjl,h ke;fyd;a jHq;amkakh oS we;s 
úg wkql,kh Ndú;fhka uQ,sl Y%s;h fiúh yels h.

F(x) hkq x úp,Hfha Y%s;hla hehs is;uq.

d[F(x)]

F(x)ys wjl,h  = f(x) 

dx

fuys F(x) hkq f(x)ys wkql,h (integral) o f(x) hkq wkql,Hh (integrand) o fõ'

f(x)ys wkql,kh my; oelafjk mßos ,súh yels h'

න𝑓 𝑥 𝑑𝑥 = 𝐹 𝑥

dx u.ska wkql,kh x úIfhys isÿ lrk nj oelafõ.



• ∫ wkql,kh oelafjk ,l=Khs' f(x) wkql,Hh o c ksh;hla o fõ.    

• c ksh;h úúO w.h .; yels h' thg wkql+,j f(x)dx Y%s; rdYshla mej;sh
yels h'

y = x4 kï 34x
dx

dy


• oS we;s úg wjl,kfha m%;súreoaO l%shdj,sh u.ska y fiúh yels h' ta

wkqj

34x
dx

dy
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ksoiqka jYfhka th"

y = x4+1, y = x4 - 5, y = x4 + a hk tajdfha wjl,hg o

iudkh.

• tu ksid by; ieu Y5s;hlu wkql,hg .e,mSu i|yd yeu úgu

wksYaÑ; wkql,j,g ksh;hla (c) tl;= lrkq ,efí'

34x
dx

dy
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flfia jqj o,                jk xys Y%s; rdYshla mej;sh yels h.



wkql,kh fowdldrhls:

ii. wksYaÑ; wkql,kh (indefinite integration): wkql,h ksYaÑ; w.hla fkdj iajdh;a; 
úp,Hfha Y%s;hls.  

i. ksYaÑ; wkql,kh (definite integration): wkql,h ksYaÑ; ixLHd;aul w.hla fyda ixfla;hls. 

wkql,k kS;s Rules of Integration

Rule 1. Constant function rule 

i. ∫kdx = kx + c

iii. ∫dx = x + c

iv. ∫-dx = - x + c

ii. ∫8dx = 8x + c If y = 8x + 5, dy/dx = 8 

∫8dx = 8x uQ,sl Y%s;fha ksh;h ksfhdackh 
lsrSug c we;=<;a flf¾'   

⸪ dkx/dy = k 
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Rule 2: the Power Rule

e.g. (i)   cxdxx 65

6

1

1                       
∫     dx = 

x4                                  

e.g.(iii)   ?2

3

3 dxxdxx

e.g. (ii)
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Rule 3. the Integral of a Multiple

e.g. (1) cxdxxdxx  
433

2

1
22

; k is a constant 

e.g. (2) 6𝑦4𝑑𝑦 =?

e.g. (3) 16𝑥−3𝑑𝑥 =



Rule 4.the Integral of a Sum or Difference

    dxxgdxxfdxxgxf )()()()(

    dxxdxdxxdxxx 352)352( 22
e.g. (1)

න
𝑥2 + 1

𝑥
𝑑𝑥Ex. (2)

𝐸𝑥 3 න 𝑥 3 − 4𝑥 𝑑𝑥
𝐸𝑥. 1 න

3𝑥2 − 4𝑥 + 1

𝑥
𝑑𝑥



Rule 5. Generalized Power Function Rule
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Ex. ii.
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4 − 5𝑥
𝑑𝑥Ex. iii.

Ex. iv. න(2𝑥 + 1) Τ1 3𝑑𝑥
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Rule 6. the Logarithmic Rule  

cxdx
x

dx
x

  ln3
1

3
3

i.

ii.


5

(2−7𝑥)
𝑑𝑥=?

iii.

Rule 6.1 

න
3

2𝑥 − 1
𝑑𝑥 =?



1            ln[f(x)]
∫         dx =               + c

f(x)            f '(x)

e.g. (i) 
1                 ln(ax+b))

∫              dx =                   + c
ax + b                 a

Ex. (1) 

න
1

(2𝑥2 + 5𝑥 + 2)
𝑑𝑥 =?

Ex. (2)

න
1

(5𝑥 + 3)
𝑑𝑥 =?

Rule 6.2 



Rule 6.3 If f(x) is a function of x and its differential

coefficient with respect to x is f ′(x). The derivative of

ln[f(x)] is

)(

)()](ln[

xf

xf
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xfd 
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e.g. i.  


1ln
1
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xdx
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Ex. (2).

Ex (1)
3න

𝑥

𝑥2 + 2
𝑑𝑥 =

Ex (3)
2 𝑥2+2𝑥

(2𝑥3+𝑥2+1)
𝑑𝑥 =?



Rule 7: the Exponential Rule

  cedxe xx

Ex.

Rule 7.1.

e.g. ∫(ex+2x)dx = ex + x2+c
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Rule 7.2 

න 𝑒4𝑥 − 3𝑥2 + 2e 𝑑𝑥 =?



Ex. (1)   ?34 dxxe

Ex. (2)
න
𝑒3𝑥 + 𝑒

1
2𝑥 − 𝑒

𝑒𝑥
𝑑𝑥 =?
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e.g. (i) 
න𝑒2𝑥

2
4𝑥 𝑑𝑥 = 𝑒2𝑥

2
+ 𝑐



dxxex


2
   of integral indefinite Finde.g. (ii).

f(x) = x2 and xxf 2)( 

To apply the above rule we have to adjust the original function as,

dxxex


2
2

2

1 There is not a fundamental difference between the

original function and this function.

We can apply the above rule for this function

 dxxex2
cedxxe xx 
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Ex. (i). 
 dxxex 32

         2)(  and    3)( 2 xxfxxf 



Rule 8: the Substitution rule

  dxxx )1(2 2

Let u = x2+1; then du/dx = 2x or dx = du/2x.

Now du/2x can be substituted for dx of the above function.

cxx

cx

cu
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e.g. (i)     Evaluate 



e.g. ii   dxxx 32 )8(2



Ex. (1) 
න(𝑥3 + 2)23𝑥2𝑑𝑥 =?

Ex. (2) 
න(𝑥3 + 2)

1
2 𝑥2𝑑𝑥 = 1

3
𝑥3) + 2)

1

2 3𝑥2𝑑𝑥=?



fldgia jYfhka wkql,kh - Integration by Parts
When u=f(x)  and v =g(x)

y = uv

dx

du
v

dx

dv
u

dx

uvd


)(

fomiu x úIfhys wkql,kh lsÍfuka

   dx
dx

du
vdx

dx

dv
udx

dx

uvd )(
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vduudvuv    

v úIfhys uj, wkql,h" u úIfhys vj, wkql,h uvj,ska wvqlsÍfuka ,efí'
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We will defined  x = u  and  dv = exdx 

 dxxex
e.g.



ksYaÑ; wkql, - The definite integral

The indefinite integral of a continues function f(x) is:

cxFdxxf   )()(

If we choose two values of x in the domain, say a and b (b > a), substitute

them successively into the right side of the above equation and form the

difference we get a numerical value that is independent of the constant c.

    )()()()( aFbFcaFcbF 

This value is called the definite integral of f(x) from a to b. a and b are lower and

upper limits of integration, respectively.



Evaluate the following definite integrals

2.  

     

)()(                 

)()()()(

aFbF

caFcbFcxFdxxf
b

a

b

a



 

Now, we will modify the integration sign to indicate the definite

integral of f(x) from a to b as:

2 .1
4
3𝑥2𝑑𝑥=?

1
2
(6𝑥2 + 8𝑥 + 1)𝑑𝑥=?



3. න
0

2

(𝑥 + 7)3𝑑𝑥 =?

𝑎 .4
𝑏
𝑘𝑒𝑥𝑑𝑥 =?
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Basic Properties of Definite Integral

 
a

a
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The Definite Integral as an Area

A

a b X

Y

0

The area of a region bounded by the 

curve y = f(x), and by the x axis, on 

the left by x = a, and on the right by   

x = b is given by,

Area 
b

a

dxxfA )()(

y=f(x)

If the curve y = f(x) lies below the x axis, then


b

a

dxxfA )()(Area



The area (A) + B) =  
b

a

c

b

dxxfdxxf )()(

X0
a b

Y

y = f(x)

c

A

B



IF f(x) and g(x) are the two functions of x and f(x) > g(x)

J
A

B

y = f(x)

y = g(x)

0
X

ba

Y

Area (A) = Area (J) – Area (B)
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e.g.1. Determine the area under the curve given by the function   y = 20 – 4x 

over the interval 0 to 5.

y = 20 – 4x

Y

Y
50

20

A

Area  (A) =?



e.g. 2 Find the area bounded by the functions y = x2, and y = 10 – 3x and Y axis.

y = x2

y = 10 - 3x
20

A

A =  
2

0

2

0

2)310( dxxdxx



3. Determine the area between the curve of f(x) = 10 - 2X and the X axis for 

values of X = 3 to X = 7.  

e

0 X
3 5 7

4
a

b dc

f(x) = 10 – 2X

AREA = abc + bde

= ?

f(x)

10

-4



Multiple  Integral

The integral of a function that include more than one variable is defined as Multiple integral. 

Indefinite integral of a two variable function is given by,

 dydxyxf ),(

Definite integral of a two variables (x and y) function is given by

e.g. If the joint probability density function of variables x and y is f(x,y) = (x+y). Find the 

probability p = (0<x<½ , 0<y<¼)
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Consumer surplus

Consumer surplus is the difference between what a consumer pays for an item and what he is 

willing to pay. It (CS) measures the net benefit that a consumer enjoys from purchasing a 

particular commodity in the market. 

Q

P0

b
0

c

d

e

P

D

Q0

Demand function describes willingness to pay for an item. 

Equilibrium price and quantity are P0 and Q0 respectively. 

Consumer is willing to pay a higher price than P0, for all 

quantities less than Q0. However, he actually pays only P0

price for all units. 

The ‘total value’ of their purchases is measured by the area 

abcd. The ‘total expenditure’ is given by area abce.  The 

difference between total value and the total expenditure is 

the surplus value that they are not paying.   
a

Integral calculus can be used to estimate consumer surplus. 



e.g. (1) Consumer’s demand function for an item has been estimated to be           

P = 30 – 2Q

Where, P is the unit price (Rs.)

Q is the monthly per capita consumption of the item (kg per month). 

Determine the total expenditure and consumer surplus when the price per unit is 

Rs 5. 

Quantity demanded,

P = 30 – 2Q

2

30 p
Q




When P = 5

Q = 12.5 units 0

P

Q

5

12.5 15

D

30

a b

c

d



Total expenditure  TE = 

Total value of purchases TV=?  

Consumer surplus CS = TV-TE



Producer surplus
A similar concept to consumer surplus applies to producer. It is called ‘producer surplus’. It 

measures the payments that producers receive for a quantity of the product than what they 

expect. 

S

P

Q
0

P1

Q1

Pn

Pm

Qn Qm

Supply curve of the figure shows the locus of 

minimum prices that must be paid to induce 

producers to supply different quantities of their 

products. 

For example, to provide Q1 they expect P1 price 

and to provide Qn they expect Pn price. However, 

they receive market price Pm for all units (Qm) 

placed on the market.    

Producers’ total revenue is the product of PmQm

or the area 0bcd. The expected revenue to 

provide Qm equal to the area 0acd. Producer 

surplus is the difference between are 0bcd and 

0acd. i.e. area cbc.  

a

b c

d



e.g. The supply function of a producer which supply a certain product is given by P = 1000 + 

50 Q. Where P is the unit price and Q is the quantity supplies each day. 

Determine producer surplus if he sell the product for Rs 2000 each. 



1' wdh;khl wdka;sl msßjeh Y%s;h (MC)                   o ia:djr msßjeh CF = 90 

fõ kï uq`M msßjeh Y%s;h (TC) fidhkak.

QeC 2.02

2. wdh;khl wdka;sl msßjeh Y%s;h o ia:djr
msßjeh CF = 1088 o fõ kï uq`M msßjeh Y%s;h (TC) fidhkak.

3642)46()( 32  qqqqMC

Economic Applications

3. rgl wdka;sl b;=reï Y%s;h fõ' wdodhu 81 jk úg

iudydr b;=reï (S) Y+kH fõ kï b;=reï Y%s;h S(Y) fidhkak'

2
1

1.03.0)(
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4. Consumer’s demand function for a given commodity has been estimated to be

P = 30 – 2Q

where, P is the price of a unit of the commodity and Q is the per capita

consumption of the commodity per person per month. Determine (a) the total

expenditure and (b) the consumer surplus when the price of a unit is 5.

5. If the supply function of a commodity is P = 1000 + 50Q

where, P is the price per unit and Q is the number of units sold each day. Find the 

producer surplus when the price of a unit of the commodity is 2000.   

6. If the willingness of a nurse to provide her service is defined by the supply 

function W = 2.5 + 0.5H

where, W is the wage rate per unit

H is hours of work provided each week.

Determine the producer surplus paid to the nurse if the prevailing wage rate is 9 

per hour.   



7' ksuejqï uÜgu q jk úg tla;rd ksIamdok wdh;khl wdka;sl msßjeh 3(q - 4)2 fõ' 

ksuejqu uÜgu 6 isg 10 olajd jeäjk úg uq`M ksIamdok msßjeh flmuK m%udKhlska by< 

hhs o@ 

8'  fu;eka isg jir t .KkloS m<uq wdfhdack ie,eiau u.ska jd¾Islj remsh,a ^oyia&                       

,dN wkqmd;hla iy fojeks wdfhdack ie,eiafuka remsh,a ^oyia&                 

,dN wkqmd;hla ,efnkafka hehs o m<uq jir N i|yd 

hk fldkafoaish ;Dma; jkafka hehs o is;uq' 

2'
1 50)( ttP 

ttP 5200)('2  )()( '
1

'
2 tPtP 

(i) jir fldmuK .Kkla fojeks wdfhdackfha ,dN m<uq wdfhdackfha  ,dN blaujd 
hkafka o@ 

(ii) by; ksYaph lrk ,o jir .Kk ;=< Y=oaO w;sßla; ,dNh .Kkh lr th m%ia;dr 
Ndú;fhka fCIa;%M,hla jYfhka olajkak



9' jir t .Kkla merKs ksIamdok hka;%hl jd¾Islj wdodhï m%jdyh 
remsh,a R' (t) = 5000 – 20t2 jk w;r tys fufyhqï yd fiajd úhou jd¾Islj 
remsh,a C' (t) = 2000 + 10t2 fõ' 

i. hka;%fha ,dNodhl;ajh ke;sj hdug jir lShla .; fõ o@

ii. by; ksYaph lrk ,o jir .Kk ;=< hka;%fhka ckkh flfrk Y=oaO 
bmehSï .Kkh lrkak' 

10. ;r`.ldÍ fjf<|fmd,l b,a,qï yd iemhqï Y%s; my; mßos fõ;

. mßfNdacl w;sßla;h yd ksIamdol w;sßla;h

fidhkak.
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11. fudag¾ r: ghr ksIamdok iud.ula weia;fïka;= lr we;s wdldrh wkqj 
.ekqïlrejka úiska tallhl ñ, remsh,a D(q)= -0.1q2 + 90 jk úg ghr q
^oyia& m%udKhla b,a¨ï lrk w;r wdh;kh tu m%udKh imhkafka        
S(q) = 0.2q2 + q + 50.  ñ,g h' 

i. iu;=,s; ñ, yd m%udKh .Kkh lrkak' 

ii. iu;=,s;fhaoS mßfNdacl w;sßla;h yd ksIamdol w;sßla;h .Kkh lrkak'


